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1.  Quantum mechanical correlation functions

Many dynamical properties of condensed phase systems can be related to real-
time correlation functions of the form

cAB(t) =
1

Q
tr
h
e��ĤÂ(0)B̂(t)

i
,

where
Q = tr

h
e��Ĥ

i
,

and
B̂(t) = e+iĤt/~B̂e�iĤt/~.
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For example, the di↵usion coe�cient of a molecule i in a liquid is given by

D(T ) =
1

3

Z 1

0
cvi·vi(t) dt,

chemical reaction rate coe�cients can be calculated from

k(T ) =
1

Qr(T )

Z 1

0
cff (t) dt,

and dipole absorption spectra from

n(!)↵(!) =
⇡!

3~cV ✏0
(1� e��~!)Cµ·µ(!),

where

Cµ·µ(!) =
1

2⇡

Z 1

�1
e�i!tcµ·µ(t) dt.

<latexit sha1_base64="2KawXSCs932nH+RcBfvLPsfB2CI="></latexit>



The standard real-time correlation function is

cAB(t) =
1

Q
tr
h
e��ĤÂ(0)B̂(t)

i
,

whereas the Kubo-transformed correlation function is1

c̃AB(t) =
1

�Q

Z
�

0
d� tr

h
e�(���)ĤÂ(0)e��ĤB̂(t)

i
.

There are a number of reasons why c̃AB(t) is the more “classical” of the two
objects – and it is c̃AB(t) that is approximated in RPMD.
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If

CAB(!) =
1

2⇡

Z 1

�1
e�i!tcAB(t) dt

and

C̃AB(!) =
1

2⇡

Z 1

�1
e�i!tc̃AB(t) dt,

then it is straightforward to show that

CAB(!) = D(!)C̃AB(!),

where

D(!) =
�~!

1� e��~! .

So standard correlation functions can easily be reconstructed from Kubo-transformed
correlation functions, and vive versa.
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Proof (I):

cAB(t) =
1

Q
tr
h
e��ĤÂ(0)B̂(t)

i

=
1

Q
tr
h
e��ĤÂe+iĤt/~B̂e�iĤt/~

i

=
1

Q

X

jk

e��Ej hj| Â |ki e+iEkt/~ hk| B̂ |ji e�iEjt/~

=
1

Q

X

jk

e��EjAjkBkje
+i(Ek�Ej)t/~.

) CAB(!) =
1

2⇡

Z 1

�1
e�i!tcAB(t) dt

=
1

Q

X

jk

e��EjAjkBkj ·
1

2⇡

Z 1

�1
e�i(!�[Ek�Ej ]/~)t dt

=
1

Q

X

jk

e��EjAjkBkj�(! � [Ek � Ej ]/~).
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Proof (II):

c̃AB(t) =
1

�Q

Z
�

0
d� tr

h
e�(���)ĤÂ e��Ĥe+iĤt/~B̂ e�iĤt/~

i

=
1

�Q

Z
�

0
d�

X

jk

e��EjAjkBkje
��(Ek�Ej)e+i(Ek�Ej)t/~.

) C̃AB(!) =
1

2⇡

Z 1

�1
e�i!tc̃AB(t) dt

=
1

�Q

Z
�

0
d�

X

jk

e��EjAjkBkje
��(Ek�Ej)�(! � [Ek � Ej ]/~)

=
1

�

Z
�

0
e��~! d� · 1

Q

X

jk

e��EjAjkBkj�(! � [Ek � Ej ]/~)

⌘ (1� e��~!)
�~! · CAB(!).
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Alternatively (I):

Re(𝜏) = t

Im(𝜏) = 𝜆ℏ

𝛽ℏ

0

Note that

c̃AB(t) =
1

�Q

Z
�

0
d� tr

h
e�(���)ĤÂ e��Ĥe+iĤt/~B̂ e�iĤt/~

i

=
1

�Q

Z
�

0
d� tr

h
e��ĤÂ e+iĤ(t+i�~)/~B̂ e�iĤ(t+i�~)/~

i

⌘ 1

�

Z
�

0
d� cAB(t+ i�~),

where

cAB(⌧) =
1

Q
tr
h
e��ĤÂ e+iĤ⌧/~B̂ e�iĤ⌧/~

i

is an analytic function of ⌧ in the strip 0  Im(⌧)  �~:



So

C̃AB(!) =
1

2⇡

Z 1

�1
e�i!tc̃AB(t) dt

=
1

�

Z �

0
d�

1

2⇡

Z 1

�1
e�i!tcAB(t+ i�~) dt

=
1

�

Z �

0
e��!~ d�

1

2⇡

Z +1+i�~

�1+i�~
e�i!⌧ cAB(⌧) d⌧

=
1

�

Z �

0
e��!~ d�

1

2⇡

Z +1

�1
e�i!⌧ cAB(⌧) d⌧

=
(1� e��~!)

�~! · CAB(!).

Re(𝜏) = t

Im(𝜏) = 𝜆ℏ

𝛽ℏ

0

Alternatively (II):



It follows from this that dynamical observables can
equally well be written in terms of c̃AB(t).

For example:

D(T ) =
1

3

Z 1

0
c̃vi·vi(t) dt,

k(T ) =
1

Qr(T )

Z 1

0
c̃ff (t) dt,

and

n(!)↵(!) =
⇡�!2

3cV ✏0
C̃µ·µ(!),

where

C̃µ·µ(!) =
1

2⇡

Z 1

�1
e�i!tc̃µ·µ(t) dt.

Notice that none of these equations involves ~!
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2. Ring polymer molecular dynamics2

Q =
1

(2⇡~)n

Z
dp

Z
dq e��nHn(p,q)

�q = ⇤(T )/
p
8⇡

⇤(T ) = h/
p
2⇡mkT

�p =
p
mkT

) �p�q =
~
2
.

Hn(p,q) =
nX

j=1

"
p
2
j

2m
+

1

2
m!

2
n(qj � qj+1)

2 + V (qj)

#
; �n = �/n; !n = 1/(�n~).
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Q = tr
h
e��Ĥ

i
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Recall that:
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Path integral molecular dynamics:

Ring polymer molecular dynamics:

PIMD uses the ring polymer trajectories

q̇ = +
@Hn(p,q)

@p
ṗ = �@Hn(p,q)

@q

as a sampling tool to calculate exact values of static
equilibrium properties such as

hAi = 1

Q
tr
⇥
e
��H

A
⇤
.

ˆ ˆ

ˆ ˆˆ ˆ

RPMD uses the same trajectories to approximate Kubo-
transformed time correlation functions of the form

c̃AB(t) =
1

�Q

Z
�

0
d� tr

h
e�(���)HA(0)e��HB(t)

i
,

where
B(t) = e+iHt/~B e�iHt/~.ˆˆˆ ˆ



Ring polymer molecular dynamics:

Classical molecular dynamics in an extended phase space!

The RPMD approximation to

c̃AB(t) =
1

�Q

Z
�

0
d� tr

h
e�(���)HA(0)e��HB(t)

i

is simply

c̃AB(t) '
1

(2⇡~)nQ

Z
dp0

Z
dq0 e��nHn(p0,q0)An(q0)Bn(qt),

where

An(q) =
1

n

nX

j=1

A(qj) and Bn(q) =
1

n

nX

j=1

B(qj).

ˆ ˆˆ ˆ



In short, the RPMD approximation includes both:

But it neglects QM interference effects in the real-time dynamics.

tunneling and zero point energy



One can show that RPMD is: 

1. Exact in the high temperature limit

2. Exact in the short time limit

3. Exact in the harmonic limit (for linear A or B)

4. Exact for A = 1 (the unit operator)

5. Faithful to all QM symmetries

6. Consistent with the QM equilibrium distribution

2

2

ˆ ˆ

ˆ ˆ

3
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E.g.: when Â = 1̂ we have

c̃1B(t) =
1

�Q

Z
�

0
d� tr

h
e�(���)Ĥ 1̂e��ĤB̂(t)

i

=
1

�Q

Z
�

0
d� tr

h
e��ĤB̂(t)

i

=
1

Q
tr
h
e��ĤB̂(t)

i

=
1

Q
tr
h
e��Ĥe+iĤt/~B̂ e�iĤt/~

i

=
1

Q
tr
h
e��ĤB̂

i

⌘ hBi ,



And in RPMD we also have

c̃1B(t) =
1

(2⇡~)nQ

Z
dp0

Z
dq0 e

��nHn(p0,q0)Bn(qt)

=
1

(2⇡~)nQ

Z
dpt

Z
dqt e

��nHn(p0,q0)Bn(qt)

=
1

(2⇡~)nQ

Z
dpt

Z
dqt e

��nHn(pt,qt)Bn(qt)

=
1

(2⇡~)nQ

Z
dp0

Z
dq0 e

��nHn(p0,q0)Bn(q0)

⌘ hBi ,

where we have used Liouville’s theorem (dp0dq0 = dptdqt) and the fact that
RPMD trajectories conserve Hn(pt,qt).



Non-local operators

So far, we have only considered local operators Â = A(q̂) and B̂ = B(q̂). But

d
2

dt2
Qcqq(t) =

d
2

dt2
tr
h
e
��Ĥ

q̂ e
+iĤt/~

q̂ e
�iĤt/~

i

=
d

dt
tr


e
��Ĥ

q̂ e
+iĤt/~ i

~ [Ĥ, q̂]e�iĤt/~
�

=
d

dt
tr
h
e
��Ĥ

q̂ e
+iĤt/~

v̂ e
�iĤt/~

i

=
d

dt
tr
h
e
��Ĥ

e
�iĤt/~

q̂ e
+iĤt/~

v̂

i

= �tr


e
��Ĥ

e
�iĤt/~ i

~ [Ĥ, q̂] e+iĤt/~
v̂

�

= �tr
h
e
��Ĥ

e
�iĤt/~

v̂ e
+iĤt/~

v̂

i

= �tr
h
e
��Ĥ

v̂ e
+iĤt/~

v̂ e
�iĤt/~

i

⌘ �Qcvv(t).

So cvv(t) = � d
2

dt2
cqq(t) and (similarly) c̃vv(t) = � d

2

dt2
c̃qq(t).
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Thus the velocity autocorrelation function can be calculated in RPMD as c̃vv(t) =

� d2

dt2
c̃qq(t), which gives (entirely naturally!)

(2⇡~)nQcvv(t) = � d2

dt2

Z
dp0

Z
dq0 e

��nHn(p0,q0) q̄0q̄t

= � d

dt

Z
dp0

Z
dq0 e

��nHn(p0,q0) q̄0v̄t

= � d

dt

Z
dpt

Z
dqt e

��nHn(pt,qt) q̄0v̄t

= � d

dt

Z
dp0

Z
dq0 e

��nHn(p0,q0) q̄�tv̄0

=

Z
dp0

Z
dq0 e

��nHn(p0,q0) v̄�tv̄0

=

Z
dpt

Z
dqt e

��nHn(pt,qt) v̄0v̄t

=

Z
dp0

Z
dq0 e

��nHn(p0,q0) v̄0v̄t.

That is, c̃vv(t) = hv̄0v̄ti, where q̄ =
1

n

nX

j=1

qj and v̄ =
d

dt
q̄ =

1

n

nX

j=1

pj
m

.
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The same argument applies to correlation functions involving other non-local
operators.

For example, chemical reaction rate coe�cients can be calculated from

Qr(T )k(T ) =

Z 1

0
c̃ff (t) dt = lim

t!1
c̃fs(t) = � lim

t!1

d

dt
c̃fs(t),

where

c̃ff (t) =
d

dt
c̃fs(t) = � d2

dt2
c̃ss(t),

both in QM and in RPMD.

But I shall not discuss this any further here, as it is the subject of Lecture III.
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� ⇥
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3. Example applications

A. Quantum diffusion in liquid para-hydrogen4



Consistency check:

Recall that Cvv(!) =
�~!

1� e��~! C̃vv(!). So (in 1d notation)

hT i = 1

Q
tr
h
e��Ĥ T̂

i
=

m

2

1

Q
tr
h
e��Ĥ v̂v̂

i

=
m

2
cvv(0) =

m

2

Z 1

�1
d!Cvv(!)

=
m

2

Z 1

�1
d!

�~!
1� e��~! C̃vv(!)

=
m

4⇡

Z 1

�1
d!

Z 1

�1
dt

�~!
1� e��~! e

�i!tc̃vv(t)

=
m

2


c̃vv(0) +

Z 1

0
dt

2

1� e+2⇡t/�~
dc̃vv(t)

dt

�
,

in which the last line is obtained by evaluating the integral over !.5

By comparing this with the exact hT i = hTCV(q)i, one has a way to
check the accuracy of the RPMD approximation to c̃vv(t).



For the 25 K liquid para-hydrogen example given above, this consistency check

gives the following kinetic energies per atom (in 3d):
4

Kinetic energy (K)

Exact RPMD Classical

62.0 64.5 37.5

Not bad – the RPMD approximation to c̃vv(t) overestimates the quantum con-

tribution to the kinetic energy by less than 10%. But not perfect – RPMD is

just an approximation to real-time quantum dynamics, after all!

This is actually quite a stringent test, because the thermal time �~ at 25 K is

⇠ 0.3 ps, which is comparable to the decay time of the p-H2 velocity autocor-

relation function. So it provides some reason to have faith in RPMD for other

(less quantum mechanical) problems:
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q-TIP4P/F

DQM/Dcl = 1.1

B. Competing quantum effects in liquid water6
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C.  The vibrational spectrum of liquid water7

!1 = (2n/�~) sin(⇡/n) ' (2⇡/�~) = 1300 cm�1 at 300 K.

Spurious 
resonances!
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D.  Thermostatted RPMD8

None of the established properties of RPMD is a↵ected when a PILE thermostat
is attached to the internal modes of the ring polymer during the dynamics
(TRPMD), which seems to be a good idea for calculating vibrational spectra:

Vibrational spectra of an anharmonic OH molecule (2!exe = 170 cm�1).

Spurious 
resonances

Curvature
problem

Lorentzian
broadening
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